Theorem 1 is our general result of Leray-Schauder type for the most general sort of strongly elliptic nonlinear equation. Its proof is
based upon Theorems 2 and 3 which concern equations for which one has local uniqueness of solutions. Theorem 2, which extends a result of Schauder [16] for second order equations, asserts the solvability of the equation F(u) -f for / near f 0 with u near u 0 if the solution is locally unique. Under similar hypotheses and an additional a priori bound, Theorem 3 asserts the existence and uniqueness of the solution for all /. Theorem 4 and 5 specialize Theorem 1 with a drastic simplification of hypotheses to quasi-linear equations of order 2m and to nonlinear second-order equations. Theorem 4, in particular, gives a simple and very general extension of the Leray-Schauder method as given in [9] for quasi-linear equations of second order.
The writer is indebted to Stephen Smale for a number of conversations which stimulated his interest in giving a systematic treatment of the Leray-Schauder theory for general non-linear elliptic equations.
FELIX E. BROWDER
For a given integer m Ξ> 1, we consider vectors p = {p a /\(x\ ^ 2m} with a real component for each partial derivative of order <£ 2m. They form a real vector space R M for some integer M, which we shall not give explicitly. We assume that we are given a function we may form the general partial differential operator (not necessarily linear) of order 2m by F(x, p g (u) ) f xeΩ,ue C 2m (Ω) and consider the partial differential equation
F(u)(x)
For a given real number λ with 0 < λ < 1, and any nonnegative integer j, (Ω) which consists of all u in C 2w ' λ (i2) which satisfy the homogeneous Derichlet boundary condition of order m on Γ, i.e.
(4)
D^u\ Γ =0, |/3|^m-l.
For u in C 2w ' λ (β), F(u) lies in C°' λ (β) as follows by a routine argument using the fact that F(x, p) satisfies a Holder condition with exponent λ in all arguments on compact subsets of Ω x R M . More-over, the mapping u->F(u) is continuous from C 2w ' λ (β) to C°' λ (β), and indeed continuously Frechet differentiable with Frechet derivative at u in C 2m > λ (Ω) given by
where F a = dF/dp a . We say that the nonlinear differential operator F(u) is strongly elliptic if for each peR M , the linear differential operator A p given
is uniformly strongly elliptic on Ω. Let Cr~1 )λ (β) = {^ I u e C 2 -1 *^); £>^ | Γ = 0 for | /9 | ^ m -1}. 
Then the equation F(u) -f has one and only one solution u in CT>\Ω) for each f in C°> λ (Ω).
We shall prove Theorems 2, 3, and 1 in that order. The proofs depend upon precise results on the Dirichlet problem for strongly elliptic linear operators which are discussed in detail in § 2, combined with topological arguments concerning nonlinear mappings of Banach spaces. 
The second fact that we shall employ concerns the spectrum and resolvent of the operator A under null Dirichlet boundary conditions: 
Moreover, since the injection maps of
Choosing ε > 0 so small that c(k + l)ε < 1/2, we have
for such / and %. Hence the mapping f->u from the dense subset
Hence assertion (a) is proved. 
A = (I -kS)(A + kl) .
Since (/ -kS) is a Fredholm operator of index zero from C°' 
is an isomorphism of the two spaces. Let S be the inverse mapping, so that S is a bounded linear mapping of C°' λ (β) into C 2m ' λ (β). Let w and v lie in JV. Then
Given 3 > 0, we can choose ε > 0 so small that for u,v e N, O^gλgΞl,
We form a mapping G of C°> λ (Ω) into C°' λ (β) by setting
G(f) = F(Su + u 0 ) .
There exists a neighborhood iV x of 0 in C°' If we choose δ > 0 so small that c δ δ < 1, the mapping is a bicontinuous mapping of iV t on an open neighborhood N 2 of zero in C 0>λ (Ω) and is Γ is the inverse of this mapping, GT-/-kST has the same image on N 2 as G has on JVΊ. Moreover GT is one-to-one on N 2 since G is one-to-one on N x . Finally where C is a compact mapping of N 2 into C°'\Ω). Since GT is oneto-one, it has an open image by the Schauder theorem on invariance of domain for compact displacements in Banach spaces (see Schauder [15] , Leray [18] , Nagumo [12] ). If we apply Lemma 1 of § 2, we have with c' independent of u on J5. However A u is also the Frechet differential of F as a map of CT> λ (Ω) into C°* λ (Ω) at tc, and between this pair of spaces F is a local homeomorphism as before.
Proof of Theorem
We now apply the following theorem of Hadamard and P. Levy [10] : Let H be the function corresponding to R by condition (1) of the hypothesis of Theorem 1. For each u in R Ri we consider the equation
If F is a local homeomorphism of a Banach space X into a Banach space Y and if no curve of infinite length in X is mapped by F onto a line segment in Y, then F is a homeomorphism of X onto Y.
The linearized form of equation (e) Ft (p(u,v) ) + tH (p(u,v) (Ω) . We wish now to verify that the mapping
is a continuous mapping of [0, 1] x B R into C 2m~1>λ (β). Let ί 0 be a fixed number in [0, l] ,u Q a fixed element of B R .
For t near t Q and ^£ near u 0 , we havê (p(v) ) + {F t (p(u, v) -F to (p(u Q , v The condition that
The operator in square brackets is an isomorphism of Cl m>λ (Ω) with C°Λ(Ω) by condition (1) Since the solution of (i) is unique, v -C t (u) . Hence C t maps [0, 1] x B R continuously into CT> λ (Ω) and afortiori into CT~l fλ {Ω). We now apply the theory of the , [12] As an important specialization of Theorem 1, we have the following result for the quasi-linear case. THEOREM (x, u,Du, ,
are bounded by a function of R, it follows from Lemmas 2 and 3 of Section 2 that the conditions (1) and (2) of Theorem 1 are satisfied. Since condition (3) is part of the hypothesis of Theorem 4, we may apply Theorem 1 and obtain a solution of F(u) = 0.
Another interesting specialization is to the case of nonlinear second order equations. 5* Historical remarks* The basic work on the Leray-Schauder degree and its application to elliptic boundary value problems is of course the original paper of Leray and Schauder [9] . The result of the latter were only given for equations of second order because of the need for precise results on linear equations not then established for higher order differential operators. Our treatment of the case of strongly nonlinear rather than quasilinear equations follows somewhat different lines from that given in the second part of [9] .
Theorem 2 is a generalization of the result of Schauder [15] for second order equations. A partial generalization is given by , Theorem 12.6).
Theorem 3 is an application of the ideas of the writer's papers [4] and [5] .
Systematic accounts of the Leray-Schauder theory of the degree are given by Nagumo [12] , Krasnoselski [7] , and Cronin [6j. Complete treatments of applications to second order quasilinear equations in R 2 are given by Nirenberg [13] and Miranda [11] . BIBLIOGRAPHY 
